The PLATO (Perturbative Lattice Analysis and Tracking tools) program, a program library for analyzing fourdimensional betatronic motion in circular particle accelerators is presented.
INTRODUCTION
The discrete formalism of nonlinear mappings, based on the Lie algebraic tools, has been introduced in accelerator physics in recent years [ 11, and relevant applications have been made (see Ref.
[2] for a review). A perturbative approach for nonlinear one-turn maps has been proposed [3-71, generalizing the Birkhoff series to the case of mappings. The theory of nonresonant normal forms allows one to derive analytical expansions for the amplitude-dependent tuneshift and for the phase-space distortion. Recently, resonant normal forms have been developed, providing a classification of the geometry of resonances [8, 9] , and have been applied to derive analytical quality factors to optimize the lattice [ 101. On the computational side, efficient arbitraryorder codes have been written to automatically evaluate the coefficients of the one-turn map [ 111 and the perturbative series for generic maps, both in the nonresonant [5, 121 and resonant [12] cases.
Moreover, sophisticated numerical tools borrowed from celestial mechanics have proved to be useful indicators of the nonlinear motion: computation of the Lyapunov exponent [13, 181, frequency analysis[l4-161, evaluation of the global dynamics through tune footprints [IO, 151, and so on.
In this paper we outline the main features of PLATO (Perturbative Lattice Analysis and Tracking tools), a code developed for the analysis of four-dimensional nonlinear betatron motion. 
GENERAL FEATURES

Main aims
The routines in the program library can be grouped into three categories. Interface with tracking codes used in the accelerator physics community (MAD [19] and SIXTRACK [20] ). Analysis of tracking data obtained via numerical simulations (element-by-element tracking). These data are processed to evaluate the dynamic aperture, the nonlinear tunes, and the maximal Lyapunov exponent. Normal forms analysis and related perturbative tools (nonresonant and resonant normal forms, quality factors and resonance analysis).
Structure of the code
The code is written in standard FORTRAN 77 and structured as a program library of 136 modules. Two main programs are available. The first allows tracking simulations to be performed using sophisticated numerical tools for postprocessing. The second carries out perturbative computations on the truncated one-turn map. Help files allow the user to eventually modify his version of the code to fit his needs and to design his own personal version of the main program. A long write-up is also available in the form of an ASCII file.
LATTICE INPUT
An accelerator is made up of a sequence of magnets.
One record is sufficient to describe the physical properties (length, magnetic field, etc.) of each component. A plain sequence of such records is enough to describe a machine but, in practice, the assembling of such a file for a complex machine such as the Large Electron Positron collider (LEP) or the planned Large Hadron Collider (LHC) is tedious and inefficient. As the MAD program [ 191 contains a simple and powerful language to deal with accelerator structures and, in addition, MAD is used to officially maintain the lattices of LEP and LHC, we have decided to use the MAD input data in defining the lattice parameters.
Interface with MAD The MAD program allows a lattice structure -in the form of a simple sequence of records describing the elements of the machine -to be dumped to a disk file. Starting from a MAD input file, a second file with the sequential structure of the accelerator can be produced. This output file is the input that provides the lattice to our library.
Interface with SIXTRACK Since a translation program 0-7803-4376-X/98/$10.00 0 1998 IEEE is available to convert a MAD to a SIXTRACK input file, we decided not to develop any routine which uses the SIX-TRACK input files. On the other hand, it is possible to read in the polynomial maps produced by SIXTRACK through the Differential Algebra package [ 113 as well as the tracking-data files. This allows the analysis through the tools implemented in PLATO.
TRACKING ANALYSIS
One of the main aims of the library is to carry out elementby-element tracking of an accelerator structure and to perform a sophisticated analysis of the obtained data. The linear part of the code is based on the standard transfer matrices formalism. Nonlinear magnets are always considered as thin elements in the kick approximation. This approach allows one to derive an approximate map that is exactly symplectic: this is crucial for simulating hadron machines where the motion is conservative. The main program contains several routines that perform the following operations. Dynamic aperture evaluation. The dynamic aperture is the volume of the domain around the closed orbit where the particles remain confined. The numerical computation of the dynamic aperture is very CPU-time consuming. Let p1 and pz be the nonlinear invariants in the planes (s,pz) and (y, py) respectively, the dynamic aperture reads Lyapunov evaluation. The Lyapunov exponent is a measure of the rate of divergence of nearby orbits, thus giving an indication of the local 'chaoticity' of a dynamic system [ 13,181. The evaluation of the maximal Lyapunov exponent through the nearby-particles method and the renormalization technique is implemented in the program library.
NORMAL FORMS ANALYSIS
A wide set of routines in PLATO is dedicated to the computation of nonresonant and resonant normal forms [ 121 and other related quantities [6, 8, 101 . Below we will describe the most important quantities that can be computed for a generic complicated lattice. lhncated one-turn map. The complex coefficients of the one-turn map can be calculated inside the library given the lattice input file; the truncation order jl + j z + j3 + j 4 I N depends on the number of nonlinear elements, on the maximum available memory, and on the speed of the platform used. Nonre §onant normal forms. Once the map coefficients are stored, the conjugating function CP that transforms the one-turn map into its normal form U [3-71 can be calculated. A detailed survey of the algorithms used to evaluate the normal form series are given in Refs. [6, 121. The Hamiltonian is a function of the amplitudes ( p l , p 2 ) in the normalized space only. An analytic expression for the non- The Hamiltonian is not integrable, but can be used to work out the position and the stability of the fixed points that arise when the two single resonances are crossing [8, 9] . Quality factors. In many optimization problems it is necessary to analyse different versions of a lattice to select the one with the best dynamic aperture. An efficient solution is to find a quality factor (QF) having a good correlation with the dynamic aperture and which can be calculated in a short time. The QF can then be used to rate the performance of a lattice [lo] . Three QFs based on nonlinear maps and normal forms are directly implemented in the library: Q1 -the norm of the nonlinear part of the map evaluated at the amplitude A; -Q2 -the average tuneshift at amplitude A evaluated through nonresonant normal forms;
Q3 ( p , q ) -the norm of the resonant part of the interpolating Hamiltonian of the single-resonance normal form evaluated at the amplitude A.
A detailed description of the definition of the quality factors can be found in Ref. [ 101, where these techniques have been used to propose a sorting method for the LHC. Fig. 3 shows the correlation between the dynamic aperture and the three quality factors for a simplified version of the LHC lattice, including only random sextupolar errors. 
